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Abstract
We establish an existence h-principle for symplectic cobordisms of dimension 2n > 4 with
concave overtwisted contact boundary.
1 Introduction
Symplectic cobordisms
We say that (W,ω, ξ−, ξ+) is a symplectic cobordism between contact manifolds
(∂W±, ξ±) if
- W is a smooth cobordism between ∂−W and ∂+W , and
- ω is a symplectic form which admits a Liouville vector field Z near ∂W such that
Z is inwardly transverse to ∂−W , outwardly transverse to ∂+W and the contact
forms λ± = ι(Z)ω|∂W± define the contact structures ξ±.
We recall that a vector field Z is called Liouville for a symplectic form ω if d(ι(Z)ω) =
ω.
By a Liouville cobordism (W,λ, ξ−, ξ+) between contact manifolds (∂W±, ξ±) we
mean a symplectic cobordism (W,ω) between (∂W±, ξ±) with a fixed primitive λ,
dλ = ω, so that the Liouville vector field Z (defined by being the ω-dual to λ) is
inwardly transverse to ∂−W and outwardly transverse to ∂+W .
∗Partially supported by the NSF grant DMS-1205349
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1 Introduction 2
An obvious necessary condition for finding a symplectic cobordism structure between
contact manifolds (∂−W, ξ−) and (∂+W, ξ+) on a fixed smooth cobordism W is the
existence of an almost symplectic cobordism structure; that is a non-degenerate but
not necessarily closed 2-form η on W which coincides with dλ± near ∂±W .
We call such η an almost symplectic cobordism structure. The homotopy class of
an almost symplectic structure is determined by the homotopy class of an almost
complex structure J , such that J is tamed by η ξ± are J-complex subbundles.
The following theorem is the main result of the paper:
Theorem 1.1. Let W be a smooth cobordism of dimension 2n > 2 between non-
empty contact manifolds (∂±W, ξ±). Let η be an almost symplectic cobordism between
(∂−W, ξ−) and (∂+W, ξ+). Suppose that
• the contact structure ξ− is overtwisted;
• if n = 2 the contact structure ξ+ is overtwisted as well.
Then there exists a Liouville cobordism structure (W,λ, ξ−, ξ+) such that dλ and η are
in the same homotopy class of almost symplectic structures relative to the boundary.
Any stable almost complex structure on an odd-dimensional manifold is realized by
an overtwisted contact structure, see [1]. Thus the above theorem implies that any
smooth cobordism W with non-empty boundaries that admits an almost complex
structure also admits a structure of a symplectic cobordism between two contact
manifolds.
The notion of an overtwisted contact structure was introduced in [4] in dimension
3 and extended to the general case in [1]. Without giving precise definitions, which
will be not important for the purposes of this paper, we summarize below the main
results about overtwisted contact structures which will be used in this paper. Part
1 of the following theorem is proven in [1] for n > 1 and in [4] for n = 1. Part 2 is
proven in [2].
Theorem 1.2. 1. Let η be an almost contact structure on a (2n + 1)-dimensional
manifold M which is genuinely contact on a neighborhood Op A of a closed subset
A ⊂ M . Then there exists an overtwisted contact structure ξ on M which coincides
with η on a neighborhood of A and which is in the same homotopy class of almost
contact structures as η (relative to A). Moreover, any two contact structures which
coincide on Op A, overtwisted on every connected component of M \A and homotopic
rel. A as almost contact structures are isotopic relative to A.
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2. Let (M, {α = 0}) be an overtwisted contact manifold and (DR, µ) the disc of
radius R in R2 endowed with a Liouville form µ = xdy − ydx. Then for sufficiently
large R, the product (M ×DR, {α⊕ µ = 0}) is also overtwisted.
We note that any contact manifold of dimension> 1 can be made overtwisted without
changing the almost contact structure by a modification in a neighborhood of one of
its points, and that any two definitions of overtwistedness for which Theorem 1.2.1
holds are equivalent.
For any closed form ω on W equal to dλ± on ∂±W one can canonically associate a
cohomology class [ω] ∈ H2(W,∂W ). Indeed, take any 1-form λ on W extending λ±
Then the cohomology class of [ω − dλ] ∈ H2(W,∂W ) is independent of a choice of
the extension λ.
Corollary 1.3. Under the assumptions of Theorem 1.1 we can find a symplectic
cobordism structure ω on W between ξ− and ξ+ so that [ω] is equal to any given
cohomology class a ∈ H2(W,∂W ).
Indeed, let λ be the Liouiville form provided by Theorem 1.1, and let σ be any closed
form with compact support representing a ∈ H2(W,∂W ). Then for a sufficiently
large constant C the form ω = Cdλ+σ is symplectic and has the required properties.
If n > 2, then for any contact structure ξ on ∂+W there is a Liouville concordance
(i.e. a Liouville cobordism diffeomorphic to ∂+W × [0, 1]) between ξ on the positive
end and an overtwisted contact structure ξot on the negative one, see [2] and Corollary
2.6 below. Hence, it is sufficient to prove Theorem 1.1 for the case when both contact
structures ξ± are overtwisted. This is the only reason why we need an additional
hypothesis in dimension 4.
Symplectic manifolds with a conical singularity
Given a 2n-dimensional manifold X with boundary ∂X, a symplectic form ω on
X \ p, p ∈ X, and a contact structure ξ on ∂X, we say that (X,ω, ξ) is a symplectic
domain with a conical singularity at p and contact boundary (∂X, ξ) if (∂X, ξ) is
a positive contact boundary in the above sense, and near p the radial vector field
centered at p is Liouville for ω. In other words, in a ball centered at p the form ω is
symplectomorphic to the negative part of the symplectization of a contact structure
ζ on the boundary sphere S2n−1. We will call (S2n−1, ζ) the link of the singularity p.
By removing from X a ball B centered at p, we can equivalently view a symplectic
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structure ω on X with a conical singularity at p as a symplectic cobordism structure
on X˙ = X \ IntB between (∂−X˙ = ∂B, ζ) and (∂+X˙ := ∂X, ξ).
Of course, if the contact structure ζ is standard, then the form extends to a non-
singular symplectic form on the whole X. Note that if ζ is overtwisted then according
to Theorem 1.2.1 it is uniquely determined up to isotopy by the homotopy class of
ω in the space of non-degenderate 2-forms on a punctured neighborhood of p.
The following result is a special case of Theorem 1.1.
Theorem 1.4. Let X be a compact 2n-dimensional manifold, with non-empty bound-
ary ∂X, ξ a contact structure on ∂X. Let η be a non-degenerate 2-form on X \ p,
p ∈ X, which is equal to dλ near ∂X so that ξ = {λ|∂X = 0} and the Liouville vector
field dual to λ is outward transverse to ∂X. Let a ∈ H2(X, ∂X) be a relative coho-
mology class. If n = 2 assume, in addition, that ξ is overtwisted. Then there exists a
symplectic structure ω on X with a conical singularity at p with an overtwisted link
(S2n−1, ζ) and positive contact boundary (∂X, ξ), and such that the cohomology class
[ω] ∈ H2(X \p, ∂X) = H2(X, ∂X) coincides with a, and the homotopy class of ω|X\p
as a non-degenerate form (relative to ∂X) coincides with η.
Remark 1.5. 1. In contrast with Theorem 1.4, construction of non-singular symplectic
structures on X is severely constrained. For instance, according to Gromov’s theorem
in dimension 4 and Eliashberg-Floer-Mcduff’s theorem in higher dimensions, see
[14, 16], any symplectic manifold (X,ω) bounded by the standard contact sphere
and satisfying the condition [ω]|pi2(X) = 0 has to be diffeomorphic to a ball.
2. It is interesting to compare the flexibility phenomenon for symplectic structures
with conical singularities with overtwisted links, exhibited in Theorem 1.4, with a
similar flexibility phenomenon for Lagrangian manifolds with conical singularities
with loose Legendrian links, which was found in [9].
Theorem 1.4 implies the following
Corollary 1.6. Let X be a closed manifold of dimension 2n > 4 that admits an
almost complex structure on X \ p, p ∈ X. Let a ∈ H2(X) be any cohomology class.
Then for any closed symplectic 2n-dimensional manifold (Z, ω), the connected sum
X#Z admits a symplectic form with a conical singularity in the cohomology class
a+ C[ω] for a sufficiently large constant C > 0.
Proof. Let B be a ball centered at p. The obstruction to extend an almost complex
structure J on X \ IntB to B is an element α ∈ pi2n−1(SO(2n)/U(n)). Choose two
disjoint balls B1, B2 ⊂ IntB and define J on a neighborhood Op ∂B1 of ∂B1 to be the
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push-forward of the standard complex structure on the boundary of a ball D ⊂ Cn
under an orientation preserving diffeomorphism of h : Op ∂D → Op ∂B1 such that
h(∂D) = B1, and h sends the outward normal vector field to the boundary D to the
inward normal vector field to the boundary of B1. Note that J does not extend to an
almost complex structure on B1, unless n = 1, 3. Let β ∈ pi2n−1(SO(2n)/U(n)) be
the obstruction to this extension. We furthermore extend J to B \ Int (B1 ∪B2) and
note that the obstruction to extending J to B2 is equal to α−β. By construction the
almost complex structure J on Op ∂B1 is compatible with the push-forward h∗ξstd
of the standard contact structure ξstd on ∂D, co-oriented by the outward normal.
Next, we apply Theorem 1.4 to get a symplectic form ωX on X \IntB1 with a conical
singularity at the center ofB2, so that [ωX ] = a and ∂+(X\IntB1, ωX) ∼= (S2n−1, ξstd).
Then (X \ IntB1, ωX) can be implanted into any symplectic manifold Z provided
that it admits a symplectic embedding of a sufficiently large symplectic ball.
The assumption that in the 3-dimensional case the positive boundary is overtwisted
is essential. In particular, see [21, 15]:
Proposition 1.7. Suppose (W,ω, ξ−, ξ+) is an exact 4-dimensional symplectic cobor-
dism and the contact structure ξ− is symplectically fillable. Then there is no exact
symplectic cobordism structure (W, ω˜, ξ˜−, ξ+) with ω and ω˜ in the same homotopy
class of almost symplectic forms, so that ξ˜− is overtwisted. In particular, for any
fillable contact manifold (M, ξ) there is no symplectic concordance (M × [−1, 1], ω)
in either direction between (M, ξ) and (M, ξ˜) with an overtwisted ξ˜.
Of course, non-existence of a symplectic cobordism between a fillable contact struc-
ture on the negative end, and an overtwisted structure on the positive one is a uni-
versal fact which holds for all symplectic cobordisms in all dimensions, see [14, 6, 1].
We do not know whether the condition ∂+W 6= ∅ in Theorem 1.1 is essential when
n > 2. We note, however, that Theorem 1.1 implies that every overtwisted con-
tact manifold (M, ξ) of dimension > 3 admits a symplectic cap, i.e. there exists a
symplectic cobordism (W,ω) with ∂+W = ∅ and ∂−(W,ω) = (M, ξ). Indeed, the
groups of complex bordisms is trivial in odd dimensions, see [19]. Hence, according
to Theorem 1.1 there is a symplectic cobordism between (M, ξ) on the negative end
and the standard contact sphere on the positive one, which then can be capped by
any closed symplectic manifold, as in the proof of Corollary 1.6. A similar result for
overtwisted contact 3-manifolds is proven in [11], and for general contact 3-manifolds
in [7] and [10].
1 Introduction 6
Conformal symplectic manifolds
A conformal symplectic structure on a manifold M is given by an atlas of symplectic
charts (Ui, ωi), such that the transition maps fij are conformally symplectic, i.e.
f ∗ijωi = cijωj for positive constants cij ∈ R.
Equivalently, a conformal symplectic structure can be defined as a symplectic struc-
ture with coefficients in a flat principal bundle with fiber the multiplicative group R+
of positive real numbers, given by a representation θ : pi1(M)→ R+. In other words,
a conformal symplectic structure on M is a symplectic structure ω on the universal
cover M̂ of M such that the action of pi1(M) by deck transformations on M̂ satis-
fies g∗ω = θ(g)ω for any g ∈ pi1(M). The representation θ : pi1(M) → R+ factors
through a homomorphism θ : H1(M,R)→ R+, so that µ := log θ : H1(M,R)→ R is
an additive homomorphism, which therefore defines a cohomology class in H1(M,R)
denoted by µω. Theorem 1.1 implies the following h-principle for conformally sym-
plectic structures.
Theorem 1.8. Let (M,J) be a closed 2n-dimensional almost complex manifold and
µ ∈ H1(M,Z) is a non-zero cohomology class. Then there exists a conformal sym-
plectic structure in the formal homotopy class determined by J , and with µω = cµ
for some real c 6= 0.
Proof. There exists a smooth map f : M → S1 so that µ = f ∗a, where a is the
generator of H1(S1,Z). Denote Σ := f−1(p) for a regular value p of f . By cut-
ting M open along Σ we get a cobordism W with ∂±W ∼= Σ. Let us endow the
boundary components ∂±W with copies of the unique overtwisted contact structure
ξ determined by the almost complex structure J . Theorem 1.1 yields a symplectic
cobordism structure ω on W with the prescribed contact boundaries. We can assume
that the contact structures on ∂W± ∼= Σ are given by contact forms α±, such that
α+ = kα− for a constant k > 0. Hence by identifying the symplectic forms kω|Op ∂−W
and ω|Op ∂+W we get a conformally symplectic structure ω on M corresponding the
cohomology class µω = (log k)µ.
Historical remarks
The first constructions of symplectic cobordisms between contact manifolds were
based on the Weinstein handlebody construction, see [5, 23, 3] and Theorem 2.2
below. Examples of Liouville domains with disconnected contact boundary (and
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hence non-Weinstein) were constructed in [18] in dimension 4, see also [20]. This
yielded construction of Liouville domains of dimension 2n with non-trivial homol-
ogy up to dimension ∼ 3n
2
, see [8]. High-dimensional Liouville domains with dis-
connected boundary were constructed in [13] and [17]. See [12, 24, 17] for more
constructions of non-Weinstein symplectic cobordisms. Related problems of (differ-
ent flavors of) symplectic fillability and topology of symplectic fillings were exten-
sively studied, especially in the contact 3-dimensional case. See Chris Wendl’s blog
https://symplecticfieldtheorist.wordpress.com/author/lmpshd/ for a survey and a
discussion of related results and problems.
We thank Chris Wendl for providing some of the above references. We are also
grateful to the anonymous referees for constructive critical remarks, and to Oleg
Lazarev for the attentive reading of the manuscript.
2 Direct and inverse Weinstein surgeries
In what follows we will also consider cobordisms (smooth, almost complex or Liou-
ville) between manifolds ∂±W with possibly non-empty boundary. We will usually
view such a cobordism as a sutured manifold with a corner along the suture. More
precisely, we assume that the boundary ∂W is presented as a union of two manifolds
∂W− and ∂+W with common boundary ∂2W = ∂+W ∩ ∂−W , along which it has a
corner. See Fig. 2.1.
Fig. 2.1: A Liouville cobordism W with corners. Note that ∂±W may be discon-
nected. In the figure, ∂−W has one closed component, and one component
with boundary.
Let us recall some basic definitions and statements from the Weinstein surgery theory,
see [3, 5, 23].
Let (R2n,
n∑
j=1
dpj ∧ dqj) be the standard symplectic space. A Weinstein handle Wk of
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index k ≤ n is the domain
Wk =
{
k∑
i=1
q2i ≤ 1,
n∑
i=k+1
q2i +
n∑
i=1
p2i ≤ 1
}
⊂ R2n
endowed with the Liouville form
λk =
k∑
i=1
(2pidqi + qidpi) +
n∑
i=k+1
pidqi.
We have dλk =
n∑
1
dpi ∧ dqi. The isotropic k-disc
D := {pk+1 = · · · = pn = 0, q1 = · · · = qn = 0} ⊂ W
is called the core disc of the handle and the coisotropic (2n− k)-disc
C := {p1 = · · · = pk = 0} ⊂ W
the co-core of the handle. We will denote Λ− := ∂D, Λ+ := ∂C. We also denote
Hk− := Λ−×C =
{
k∑
i=1
q2i = 1
}
∩Wk, Hk+ := Λ+×D =
{
n∑
i=k+1
q2i +
n∑
i=1
p2i = 1
}
∩Wk,
so that ∂Wk = H
k
+ ∪Hk−. The Liouville vector field
Zk =
k∑
i=1
(
pi
∂
∂pi
− qi ∂
∂qi
)
+
n∑
i=k+1
pi
∂
∂pi
is inwardly transverse to Hk− and outward transverse to H
k
+. We denote by ξk,± the
contact structure on Hk± defined by the contact form λk|Hk± .
Let (Y, ξ) be a contact manifold. Given a contact embedding h− : (Hk−, ξk,−) →
(Y, ξ) (resp. h+ : (H
k
+, ξk,+) → (Y, ξ)), consider a contact form α for ξ such that
h∗−α = λk|Hk− (resp. h∗+α = λk|Hk+). Consider a trivial symplectic cobordism ([1 −
ε, 1] × Y, d(sα)) (resp. ([1, 1 + ε] × Y, d(sα))) and attach to it the handle Wk with
the embedding h− : Hk− → Y = Y × 1,:
W := ([1− ε, 1]× Y ) ∪
h−
Wk
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(resp. with the embedding h+ : H
k
+ → Y = Y × 1,
W := ([1, 1 + ε]× Y ) ∪
h+
Wk).
We can arrange so that the Liouville vector field Zk on W smoothly extends the
Liouville vector field s ∂
∂s
on ([1−ε, 1]×Y ) (resp. on ([1, 1+ε]×Y )). After smoothing
the corners this gives us a Liouville cobordism with the contact manifold (Y, ξ) on
the negative end and a manifold (Ŷ , ξ̂) on the positive one (resp.with the contact
manifold (Y, ξ) on the positive end and a manifold (Ŷ , ξ̂) on the negative one).
We say that (Ŷ , ξ̂) is obtained from (Y, ξ) by a direct (resp. inverse) Weinstein
surgery of index k along h−(Hk−) (resp. of index 2n− k along h+(Hk+)).
Given a Liouville cobordism (W,λ) the above construction allows us to attach Wein-
stein handles to its positive or negative boundaries. In other words, if we are given
a contact embedding h− : (Hk−, ξk,−) → (∂+W, ξ+), then we can attach an index
k Weinstein handle to get a new Liouville cobordism (W˜ , λ˜) ⊃ (W,λ) such that
(∂−W = ∂−W˜ ) and (X˜ := W˜ \ IntW, λ˜|X) is an elementary Weinstein cobordism
between ∂+W and ∂+W˜ with a single handle of index k. Similarly, given a contact em-
bedding h+ : (H
k
−, ξk,−)→ (∂−W, ξ−), then we can attach an index (2n−k) Weinstein
handle to get a new Liouville cobordism (W˜ , λ˜) ⊃ (W,λ) such that (∂+W = ∂+W˜ )
and (X˜ := W˜ \ IntW, λ˜|X) is an elementary Weinstein cobordism between ∂−W˜ and
∂−W with a single handle of index k.
On the other hand, if we are given a Liouville embedding G : (Wk, H
k
−;λk) →
(W,∂−W ;λ) of the whole handle, then one can subtract the handle, thus obtaining
a new Liouville cobordism (W˜ , λ˜) ⊂ (W,λ) such that (∂+W = ∂+W˜ ) and (X˜ :=
W \ Int W˜ , λ˜|X) is an elementary Weinstein cobordism between ∂−W and ∂−W˜ with
a single handle of index k. In fact, this operation is just determined by the isotropic
embedding G|D, where D ⊂ Hk is the core disc.
The following lemma follows from the classification of overtwisted contact structures
in [1], see above Theorem 1.2.1.
Lemma 2.1. Let (Y, ξ) be an overtwisted contact manifold. Then any almost contact
embedding h± : (Hk±, ξk,±) → (Y, ξ) is isotopic to a genuine contact embedding. We
can furthermore ensure that the complement of the image h±(Hk±) is overtwisted.
Given a cobordism (W,∂−W,∂+W ) we say that the relative Morse type of (W,∂−W )
is ≤ k if W admits a Morse function φ : W → R with all critical points of index ≤ k
and whose gradient with respect to some metric is inwardly transverse to ∂−W and
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outwardly transverse to ∂+W (we do not require the function φ to be constant on
∂±W , in order to incorporate the case of ∂2W 6= ∅).
The following theorem is a corollary of Lemma 2.1 and the results from [5] (see also
[3]) which were proved using Weinstein handlebody constructions:
Theorem 2.2. Consider a 2n-dimensional almost complex cobordism (W,J) (pos-
sibly with ∂2W 6= ∅). Let ξ− be a contact structure on ∂−W compatible with
J . If n = 2 we assume that ξ− is overtwisted. Suppose that the relative Morse
type (W,∂−W ) is ≤ n. Then W admits a Liouville cobordism structure (W,λ)
such that the symplectic form dλ is in the formal homotopy class determined by
J , (∂+W, {λ|∂+W = 0}) and (∂−W, {λ|∂−W = 0}) are its positive and negative con-
tact boundaries and {λ|∂−W = 0} = ξ−. If W is connected and ξ− is overtwisted on
at least one of the components of ∂−W , then one can arrange that ξ+ is overtwisted
as well (and in this case ξ+ is uniquely determined up to isotopy by the homotopy
class of the almost complex structure J).
Remark 2.3. In fact, the construction in [5] and [3] yields a Weinstein (and not just
Liouville) cobordism structure onW , but this will not be needed for our purposes. On
the other hand, the corresponding results are formulated in [5] and [3] for cobordisms
between manifolds without boundary. However, the proof is local near the attaching
spheres of the handles, and hence it works without any changes for the case when
∂2W 6= ∅.
Let us deduce from Theorem 2.2 the following
Corollary 2.4. Consider a 2n-dimensional almost complex cobordism (W,J) (pos-
sibly with ∂2W 6= ∅). Suppose that the relative Morse type (W,∂−W ) is ≤ n. Let
λ be a Liouville form on Op ∂W such that the corresponding Liouville field X is
inwardly transverse to ∂−W and outwardly transverse to ∂+W . Suppose that dλ is
in the homotopy class of almost symplectic forms determined by J |Op ∂W . Denote
α± := λ|∂±W , (so α+ = α− on ∂2W ). Suppose that both contact forms are over-
twisted (if ∂−W is disconnected than this means that just one of its components is
overtwisted). Then there exists a Liouville form Λ on W such that
(i) the symplectic form dλ is in the formal homotopy class determined by J ;
(ii) Λ|∂+W = α+;
(iii) Λ|∂−W = hα− for a function h : ∂−W → (0, 1] which is equal to 1 near
∂(∂−W ) = ∂2W.
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Proof. Theorem 2.2 provides us with a Liouville form Λ˜ which satisfies condition (i)
and such the corresponding Liouville field X˜ is inwardly transverse to ∂−W and out-
wardly transverse to ∂+W . Furtermore, the contact structure {Λ˜|∂+W = 0} is over-
twisted and Λ˜|∂−W = g−α− for some positive function g− equal to 1 near ∂2W . The
contact structure {Λ˜|∂+W = 0} is in the same formal class as the contact structures
{α+ = 0}, and hence using Theorem 1.2.1 we can arrange that Λ˜|∂+W = g+α+ for
some positive function g+ : ∂+W → R equal to 1 near ∂2W . The functions g− and g+
can easily be changed in two ways. First of all, by attaching to ∂−W and ∂+W respec-
tively negative and positive ends ((0, 1]×∂−W, sα−) and ([1,∞)×∂+W, sα+) one can
scale the function g− with any positive function f ≤ 1, f |Op ∂2W = 1, i.e. g− 7→ fg−,
and similarly we can scale the function g+ with any function f ≥ 1, f |Op ∂2W = 1;
g+ 7→ fg+. Second, taking into account that the Liouville cobordism is trivial near
∂2W we can simultaneously scale g± 7→ fg± with the same factor positive function
f which is equal to 1 outside some neighborhood of ∂2W . Hence, to finish the proof
we first scale g± near ∂2W to arrange that the maximum C of the function g+ is
achieved on ∂2W , then scale g+ with the function
C
g+
≥ 1 to make it constant. Then
divide the resulted Liouville form on W by the constant C and finally scale g− with
an appropriate function f equal to 1 near ∂2W to ensure that the new function g−
satisfies condition (iii).
The next proposition concerning an inverse Weinstein surgery on loose Legendrian
knots is proven in [2] (see [22] for a definition of loose Legendrians). For the conve-
nience of the reader we provide a modified proof here.
Proposition 2.5. The inverse surgery on a loose Legendrian knot produces an over-
twisted contact manifold.
Proof. Let Λ ⊂ (Y, ξ) be a loose Legendrian sphere. Note that for an arbitrary
neighborhood of the 0-section U ⊂ T ∗Λ the inclusion Λ ↪→ Y extends to a contact
embedding (U × [−1, 1], dz − λstd)→ Y . Present the sphere Λ as a union A ∪ B :=
S1×Dn−2∪D2×Sn−3. Then T ∗Λ = T ∗A∪T ∗B and T ∗A = T ∗S1×T ∗Dn−2. Hence,
we can choose the above neighborhood U which contains the product of arbitrary
large neighborhoods U1 and U2 of the 0-sections in T
∗S1 and T ∗Dn−2. We denote
Liouville forms in T ∗S1 and T ∗Dn−2 by u dt and
n−2∑
1
pidqi, respectively. Let Γst be
a Legendrian stabilization of the 0-section Γ in the 3-dimensional contact manifold
(V1 := U1 × [−1, 1], dz − u dt). By attaching an inverse 4-dimensional handle W2
along Γst we get a symplectic cobordism X with ∂+X = V1 and ∂−X =: V −1 which
is overtwisted, because a parallel copy of the zero section Γ bounds a disk in V −1
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and has 0 Thurston-Bennequin number. According to [22], there exists a Legendrian
sphere Λst in a neighborhood of Λ which is Legendrian isotopic to Λ in (Y, ξ) and so
that Λst ∩ V1 × U2 = Γst × {p = 0}. Then the Liouville manifold which we get by
attaching the inverse handle Wn along Λst contains the product X × U2, and hence
its negative contact boundary contains V −1 × U2. But the neighborhood of the 0-
section U2 ⊂ T ∗Dn−2 can be chosen arbitrarily large, and hence the resulted contact
manifold is overtwisted by Theorem 1.2.2.
Corollary 2.6 (see [2]). For any contact manifold (Y, ξ) of dimension > 3, there ex-
ists a Weinstein cobordism structure on W = Y × [0, 1] between the contact structure
ξ on ∂+W := Y × 1 and an overtwisted contact structure ξot on ∂−W := Y × 0.
Proof. On the trivial Weinstein cobordism W = Y × [0, 1] deform the Weinstein
structure to create two critical points a, b of index n − 1 and n, respectively. Let
(Z, ξZ) be the intermediate level set for this cobordism. Let Γ ⊂ Y × 1 be the
unstable Legendrian sphere for the critical point b. Consider a stabilization Γ̂ of Γ
which is formally isotopic to Γ. By attaching an inverse handle Wn to (Y = Y ×1, ξ)
along Γ̂ we construct a Liouville cobordism between Z and Y with an overtwisted
contact structure ξot on Z in the formal class of ξZ . By Lemma 2.1 we can find a
contact embedding of the coisotropic embedding of an (n + 1)-dimensional sphere
into (Z, ξot) which is in the formal class of the unstable sphere of the critical point
a in (Z, ξZ), and such that its complement is still overtwisted. Hence one can add
another inverse handle Wn−1 to get a Weinstein structure on the cobordism Y × [0, 1]
with the contact structure ξ on the positive and an overtwisted contact structure on
the negative one.
3 Proof of Theorem 1.1
We begin with two lemmas.
Lemma 3.1. Let Σ be a codimension 2 connected oriented submanifold of a 2n-
dimensional almost complex manifold (W,J). Then J is homotopic to J˜ for which Σ
is J˜-holomorphic (i.e. TΣ ⊂ TW is J˜-invariant) in the complement of a (2n − 2)-
dimensional ball D ⊂ Σ. If W is a manifold with boundary and (Σ, ∂Σ) ⊂ (W,∂W )
a submanifold with non-empty boundary ∂Σ, then J is homotopic to J˜ for which Σ
is J˜-holomorphic everywhere.
Proof. We construct J˜ inductively over the skeleta of Σ. We can assume that there
is a unique (2n − 2)-cell. In the case when ∂Σ 6= ∅ it is sufficient to make Σ J˜-
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holomorphic in a neighborhood of its (2n − 3)-skeleton. Suppose that σ ⊂ Σ is an
l-dimensional, l < 2n− 2, cell of Σ and that we already have deformed J to make Σ
J˜-holomorphic near ∂σ. Let us choose choose a trivialization e1, e2 of the co-oriented
normal bundle to TΣ ⊂ TW . Furthermore, we can assume that J˜e1 = e2 on Op ∂σ.
To make Σ J˜-holomorphic we need to arrange that J˜e1 = e2 on Op σ. There is a
homotopy et2, t ∈ [0, 1], over Op σ such that e02 = e2, e12 = Je1 and et2 ⊥ e1 for all
t ∈ [0, 1]. Indeed, the obstruction to this lies in pil(S2n−2) = 0 for l < 2n − 2. Let
Rt : Op σ → SO(2n) be a covering homotopy such that Rt(e2) = et2 and Rt(e1) = e1
for all t ∈ [0, 1]. Let J t, t ∈ [0, 1], be a homotopy of almost complex structures on
W such that
- J0 = J ;
- J t = J , t ∈ [0, 1], in a neighborhood of the (l − 1)-skeleton;
- J t = Rt∗J , t ∈ [0, 1], on TWOp σ.
Then Op σ is J1-holomorphic. Continuing this inductional construction over all cells
σ of dimension ≤ 2n − 3 we construct an almost complex structure J˜ with the
required properties.
Lemma 3.2. Take non-negative integers k, l,m. Let (V ; ∂−V, ∂+V ) be an m-dimensional
cobordism of Morse type ≤ l. Let U ⊂ ∂+V be an (m − 1)-dimensional domain
with boundary. Suppose that the Morse type of U , viewed as a cobordism between
∂−U = ∅ and ∂+U = ∂U , is ≤ k. Consider V as a sutured cobordism, denoted V˜ ,
between ∂−V˜ := ∂−V unionsq U and ∂+V˜ := ∂+V \ IntU . Then the Morse type of V˜ is
≤ max(l, k + 1).
We will say that the cobordism (V˜ , ∂−V˜ , ∂+V˜ ) is obtained from (V ; ∂−V, ∂+V ) by
inversion of the domain U ⊂ ∂+V˜ . In particular, by inverting a domain U ⊂ ∂+W
of Morse type ≤ n − 1 in the positive boundary of a cobordism W of type n we do
not increase the Morse type of the resulting cobordism.
Proof of Lemma 3.2. Consider U×[0, 1] as a sutured cobordism, denoted U˜ , between
∂−U˜ := U × 0 ∪ U × 1 and ∂+U˜ := ∂U × [0, 1]. The Morse type of this cobordism
(which is just the stabilization of the cobordism U) is equal k + 1. The statement
of the lemma follows from the fact that the cobordism V˜ can be decomposed as a
composition of cobordisms V unionsq(U×I), I = [0, 1], and U˜ , where U ⊂ ∂+V is identified
with U × 0 ⊂ ∂−U˜ and U × 1 ⊂ ∂+(V unionsq (U × [0, 1])) is identified with U × 1 ⊂ ∂−U˜ .
See Fig. 3.1.
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Fig. 3.1: The inversion of V along U ⊂ ∂+V .
The next proposition is the main step in the construction.
Proposition 3.3. Let (W,J) be an almost complex 2n-dimensional cobordism, with
∂−W and ∂+W both non-empty. Let (Σ, ∂Σ) ⊂ (W,∂+W ) be a submanifold of co-
dimension 2 which is J-holomorphic, and let λ be a Liouville form on Σ with an
overtwisted conical singularity at p ∈ Int Σ and with a positive contact boundary
(∂Σ, ker(λ|∂Σ)). Suppose that
(i) (Σ, ∂Σ) is homologous to 0 in H2n−2(W,∂+W );
(ii) Σ has a trivial tubular neighborhood N = Σ×D2;
(iii) dλ|Σ\p is in the homotopy class determined by J |Σ\p;
(iv) the relative Morse type of (W \ Σ, ∂−W ) is ≤ n.
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Then there exists a Liouville cobordism structure Λ on W with overtwisted positive
and negative contact ends (∂±W, ξ±), and such that Λ|∂Σ = λ|∂Σ and the symplectic
form dΛ is in the homotopy class determined by J .
The proof will be divided into several lemmas. We begin by describing some relevant
sets inside W that we will use. Let N˜ = Σ ×D2 be an open tubular neighborhood
of Σ, and let (
√
u, t) ∈ [0, 1)× R/2pi be polar coordinates on the D2-factor. Denote
N = {u < 1
2
} ⊂ N˜ . Let D ⊂ W be a 2-disk with boundary in ∂+W , such that
D ∩ N˜ = p × D2 is the fiber of the tubular neighborhood N˜ over the point p ∈ Σ.
We extend (
√
u, t) as polar coordinates on D, so that u|∂D = 2,
Let U = B2n−2 ×D be a tubular neighborhood of D. We assume B2n−2 × 0 ⊂ Σ is
a coordinate neighborhood B ⊂ Σ centered at p such that λ|B = sβ where s ∈ [0, 1)
is a radial coordinate in B2n−2, and β an overtwisted contact form on S2n−3. 1
In particular p = {s = 0}. We also assume that splittings of N˜ and U agree on
N˜ ∩U , and we keep the notation u and s for the pull-backs of u and s to N˜ ∪U via
projections of N˜ = Σ×D2 and U = B2n−2 ×D onto the corresponding factors. We
have U = {s < 1, u < 2}.
Furthermore, we denote
H+ := {s ≤ 1, u = 2} = ∂U ∩ ∂+W, H− :=
{
s = 1, u ∈
[
1
2
, 2
]}
= ∂U \ (H+ ∪N).
We will also need to consider the following subsets of U :
C+ := {u < 1 + s}, C− := {1− s
2
< u < 1 + s},
see Fig. 3.3.
We pull-back the form λ from Σ \ p to N˜ \D by the projection N˜ = Σ ×D2 → Σ,
and then further extend it to (N˜ ∪ U) \D by letting it equal sβ on U \D. We will
keep the notation λ for the extended form. Define a Liouville form µ := (u−1)dt+λ
on (N˜ ∪ U) \ (Σ ∪D). Note that while µ blows up along Σ, the symplectic form dµ
extends to (N˜ ∪ U) \D, and the extended form coincides with dλ over Σ \ p.
Lemma 3.4. For a sufficiently small σ ∈ (0, 1) there exists a Liouville form Λ on
W \ (Σ ∪D ∪ C+) with the following properties:
1 We note that decreasing of the neighborhood B results in the scaling β 7→ εβ of the overtwisted
contact form β. We will use this observation in the proof below.
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Fig. 3.2: The structure of the cobordism W .
- Λ coincides with µ on
(N \ Σ) ∪ (U \ (D ∪ (C+ ∩ {s > σ})) ∪ Op (∂+W ∩ (N˜ \ Σ));
- the Liouville vector field corresponding to Λ is inwardly transverse to ∂−W and
outwardly transverse to ∂W+ and the induced contact structures on ∂W− and
∂W+ \ (U ∪ N˜) are overtwisted;
- the symplectic form dΛ is in the homotopy class of almost symplectic forms defined
by J .
To prove Lemma 3.4 we need the following
Lemma 3.5. Consider a sutured cobordism X := W \ (N ∪ U) with
∂−X := H− ∪ ∂−W, ∂+X := ∂X \ ∂−X = (∂+W \ (U ∪N)) ∪ (∂N \ U)
and suture ∂2X = ∂+X ∩H− = {s = 1, u = 12} ∪ {s = 1, u = 2}. Then the relative
Morse type of (X, ∂−X) is no more than n.
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Proof of Lemma 3.5. Consider another sutured cobordism
(X̂ := W \N, ∂−X̂ := ∂−W, ∂+X̂ := ∂+W \N).
We have X = X̂ \ U . Note that by our assumption the pair (X̂, ∂+X̂) is (n − 1)-
connected, and hence the annulus A = {1
2
≤ u ≤ 2} ⊂ X̂ is isotopic relative ∂A
to an annulus Â ⊂ ∂+X̂. It follows that the cobordism (X, ∂−X, ∂+X) can be
obtained from the cobordism (X̂, ∂+X̂, ∂−X̂) by the following construction. Begin
with the cobordism (X̂, ∂−X̂, ∂+X̂) and then invert a tubular neighborhood G of
the annulus Â in ∂+X̂. For the resulting cobordism (
̂̂
X, ∂−
̂̂
X = ∂−X̂ ∪ G, ∂+ ̂̂X =
∂+X̂ \ IntG) its suture ∂2 ̂̂X = ∂Â is diffeomorphic to S1× [0, 1]×∂D2n−3∪S1×∂I×
D2n−3. Take the trivial cobordism over S1 × I ×D2n−3 (which as usual we consider
as a sutured cobordism with the suture S1 × [0, 1] × ∂D2n−3 ∪ S1 × ∂I × D2n−3)
and then glue it to the cobordism
̂̂
X along the parts of the sutures identified with
S1 × [0, 1] × ∂D2n−3. The resulting cobordism is diffeomorphic to the cobordism
(X, ∂−X, ∂+X). Using Lemma 3.2 we conclude that the relative Morse type of the
cobordism (
̂̂
X, ∂−
̂̂
X, ∂+
̂̂
X) is no more than max(n, 2) = n, and hence the same is
true for the cobordism (X, ∂−X, ∂+X).
Proof of Lemma 3.4. Let Y := ∂+X = (∂+W \(U∪N))∪(∂N \U). Choose a contact
form α on Y which
- coincides with µ on (Y ∩ N˜) ∪ Op (∂H+);
- defines an overtwisted contact structure in the formal homotopy class determined
by J .
Choose an overtwisted contact structure ξ− in the formal class prescribed by J .
Using Corollary 2.4 we then construct a Liouville form Λ˜ on X with the following
properties:
- Λ˜|Y = α, {Λ˜|∂−W = 0} = ξ− and Λ˜|H− = φµ for a function φ : H− → (0, 1]
which is equal to 1 near ∂H− =
{
s = 1, u = 1
2
} ∪ {s = 1, u = 2} ;
- the symplectic form dΛ˜ is in the formal homotopy class determined by J .
Denote γ− := µ|H− . Notice that the part ((0, 1]×H−, τγ−) of the symplectization of
the contact structure (H−, ker(γ−)) can be identified by the map (τ, u˜)
g7→(s = τ, u =
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Fig. 3.3: The inside of the neighborhood U .
τ(u˜ − 1) + 1) with the the cone C− := {1 − s2 ≤ u ≤ 1 + s} ⊂ U endowed with
the Liuoville form µ|C− . Here (u, s) are coordinates in U , and u˜ is the coordinate u
viewed as a coordinate on H−. Indeed, we have g((0, 1]×H−) = C+ and
sβ + (u− 1)dt = τβ + τ(u˜− 1)dt = τγ−.
Let ht : H− → C− be an isotopy
(u˜) 7→ g(tφ(u˜), u˜) = (s = tφ(u˜), u = tφ(u˜)(u˜− 1)), t ∈ [0, 1].
Then we have h∗tµ = tφγ−. Choose σ ∈ (0,minφ) and extend ht to a diffeotopy
W → W which is fixed on Op (∂W )∪(U \C−)∪{s ≤ σ}. We will keep the notation ht
for the extended diffeotopy. Define Λ = (h1)∗Λ˜ on h1(X) and observe that Λ|h1(H−)
coincides with µ|h1(H−). Hence, we can extend Λ to U \ D as equal to µ outside
U ∩ h1(X).
Let σ ∈ (0, 1) be the number which appeared in Lemma 3.4. Denote
Gσ := {s < σ, u < σ + 1}, Hσ+ := Gσ ∩ {u = σ + 1} ⊂ ∂Gσ,
see Fig. 3.3.
Lemma 3.6. The form Λ can be extended to C+ \Gσ with the following properties:
- the Liouville vector field corresponding to Λ is inwardly (for W \ Gσ) transverse
to Hσ+;
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- the form Λ|H+ + cdt is contact for all c ∈ [0, 1];
- the symplectic form dΛ is in the homotopy class of almost symplectic forms defined
by J .
The following lemma is the main step in the proof of Lemma 3.6.
Lemma 3.7. There exists a contact form γ+ on H
σ
+ = {s ≤ σ, u = 1 + σ} which
for s near σ coincides with sβ + σdt and such that γ+ + cdt is a contact form of the
same sign as γ+ for all c ∈ [0, 1].
Proof of Lemma 3.7. Note that for any contact form γ on Hσ+ the form Kγ + dt is
contact if the constant K is large enough. Take a ∈ (0, σ2
1+σ
) and let γ be any contact
form on Hσ+ which is equal to sβ + σdt for s ≥ a. Let K > 0 be a constant such
that Kγ + dt is contact over Hσ+ ∩ {s ≤ a}. We claim that there exists a function
f : [a, σ]→ [1, K] such that f = 1 near σ, f = K near a and such that the form
γ+ :=
{
f(s)(sβ + σdt), s ∈ [a, σ],
Kγ, s < a
has the required properties.
This is equivalent to the inequality
σf 2(s) + f(s) + sf ′(s) > 0. (1)
Indeed, we compute that for η := γ + cdt we have
η ∧ dηn−1 = (n− 1)(fs)n−2(fσ + c)(σf 2(s) + cf(s) + csf ′(s))dt ∧ ds ∧ β ∧ dβn−2.
But σf 2(s) + cf(s) + csf ′(s) = c(σf 2(s) + f(s) + sf ′(s)) + (1− c)σf 2(s), and hence
the inequality (1) is equivalent to η ∧ dηn−1 > 0 for all c ∈ [0, 1].
To construct f which satisfies (1) consider first the function
f(s) :=
K(σ − a)
(K − 1)s+ σ −Ka.
Then f(σ) = 1 and f(a) = K. This function also satisfies the inequality (1). Indeed,
first observe that
(K − 1)s+ σ −Ka = K(s− a) + (σ − s) > 0.
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Then we have
(K(s− a) + (σ − s))2
K(σ − a) (σf
2 + f + sf ′) = Kσ2 − aKσ + σ −Ka
= K(σ + 1)
(
σ2 + σ
K
σ + 1
− a
)
> K(σ + 1)
(
σ2 + σ
K
σ + 1
− σ
2
σ + 1
)
> 0.
We also note that f > 1 and f ′(s) < 0 if K > 1. Hence, the inequality (1) remains
valid if one decreases |f ′(s)| without changing f . This allows us to to make the
function f constant near the end-points of the interval [a, σ] without violating the
inequality (1).
Proof of Lemma 3.6. To define the form Λ on the cone C+ consider the Liouville
domain ([σ, 1]×Hσ+, τγ+), where τ is the coordinate corresponding to the first factor,
and define Λ|C+ = ψ∗(τγ+), where ψ : Hσ+× [σ, 1]→ C+ is a diffeomorphism (τ, y) 7→
(s = τy, u = 1 + στ). Here we denoted by y the radial coordinate s|Hσ+ and assume
that the angular coordinates remain unchanged. We notice that ψ∗µ = τ(σdt+yβ) =
τµ|Hσ+ . Hence the form Λ coincides with µ in a neighborhood of ∂C+∩{u = 1+s}.
Lemma 3.8. The form dt can be extended from N˜ ∪U \Σ to all of W \Σ as a closed
1-form θ, which is supported away from ∂−W .
Proof of Lemma 3.8. Recall that (Σ, ∂Σ) is nullhomologous in H2n−2(W,∂+W ). Let
[Σ] ∈ H2n−2(Σ, ∂Σ) be the fundamental homology class of Σ. Condition (i) in
Proposition 3.3 yields a class σ ∈ H2n−1(W,∂+W ∪ Σ) such that ∂σ = [Σ], where
∂ is the boundary homomorphism ∂ : H2n−1(W,∂+W ∪ Σ) → H2n−2(Σ, ∂Σ). Note
that W0 := W \ N˜ is a manifold with boundary (with corners) and ∂W0 = ∂−W unionsq
∂+W0, where we denote ∂+W0 := Σ × ∂D2 ∪ (∂+W \ (∂Σ × D2)). Let σ be the
image of σ in H2n−1(W0, ∂+W0) under the excision isomorphism H2n−1(W,∂+W ∪
Σ) → H2n−1(W0, ∂+W0) and Dσ ∈ H1(W0, ∂−W ) its Poincare´ dual cohomology
class. Notice that that the differential 1-form 1
2pi
dt represents the cohomology class
Dσ restricted to (N∪U\Σ)∩W0. Hence, the form dt can be extended from (N∪U)\Σ
to all of W \ Σ as a closed 1-form θ, which is supported away from ∂−W and which
realizes the cohomology class 2piDσ ∈ H1(W0, ∂−W ).
Proof of Proposition 3.3. Consider now the Liouville form Λ + θ on W . It satisfies
all the conditions of Proposition 3.3 except two remaining issues. First, the form
Λ is constructed on a cobordism W \ Gσ which has an additional negative contact
boundary ∂Gσ. As we will explain below, this problem can be be fixed by connect
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summing of two negative boundaries, ∂−W and ∂Gσ, along an arc. The second
problem is that the restriction of Λ+θ to some parts of ∂+W (namely ∂+W \(N˜∪H+))
may not be necessarily contact. We fix this problem below by extending both Λ and
θ to a collar attached to ∂+W to ensure that the form Λ+θ is contact on the positive
boundary of the enlarged cobordism.
Let Ŵ be a cobordism obtained by attaching a collar A := [1, C] × ∂W+ to the
positive boundary ∂W+ of W , i.e.
Ŵ := W ∪
(1,x)∼x
x∈∂W+
[1, C]× ∂W+.
The constant C > 1 will be chosen later. We denote by Σ̂ a similarly extended
hypersurface Σ,
Σ̂ := Σ ∪
(1,x)∼x
x∈∂Σ
[1, C]× ∂Σ ⊂ Ŵ .
Let δ denote the contact form λ|∂Σ. We extend λ to Σ̂ by letting λ|[1,C]×∂Σ equal
τδ where τ is the coordinate corresponding to the projection of the collar to the
interval [1, C], and we keep the notation δ for the pull-back of δ to [1, C] × ∂Σ by
the projection to the second factor.
Recall that on N˜ ∩ ∂+W we have α = Λ|∂+W = (u − 1)dt + δ, and α is contact
everywhere outside of {u = 0} where α is undefined. We extend the form Λ from W \
Σ to Ŵ \Σ̂ as follows. On the set [1, C]×{u ≤ 1} = [1, C]×(∂+W∩N˜) ⊂ [1, C]×∂+W
we extend Λ by letting it equal (u−1)dt+τδ, τ ∈ [1, C]. On (∂+W \ {u ≤ 1})×[1, C]
we define Λ := τα. The two definitions agree on [1, C]×{u = 1}, and therefore by a
small adjustment of Λ on Op ([1, C] × {u = 1}) we can arrange that Λ is a smooth
Liouville form on the attached collar. We extend the closed 1-form θ to the collar as
its pull-back by the projection [1, C]× ∂+W → ∂+W .
We now let Λ := Λ + θ. Λ is contact on ∂Gσ = {s = σ, u ≤ 1 + σ} ∪ Hσ+, since
Λ|{s=σ, u≤1+σ} = β + udt and Λ|Hσ+ = γ + dt. On {u ≤ 1} × {C} ⊂ ∂+W × {C} we
have Λ = Cλ|∂Σ +udt which is contact for all C > 0, and on (∂+W \ {u ≤ 1})×{C}
we have Λ = Cα+ θ, which is contact for sufficiently large C. Also dΛ = dΛ, so Λ is
symplectic everywhere on W \Gσ, that is, Λ is a Liouville structure on W \Gσ with
convex boundary ∂+W and concave boundary ∂−W q ∂Gσ.
Finally, in order to connect sum ∂−W and ∂Gσ we need to find a Liouville embedding
of the Weinstein 1-handle into W \ IntGσ with the end-points of its isotropic core 1-
disc ` on ∂−W and ∂Gσ. By the Darboux-Weinstein theorem this amounts to finding
an arc `, which is isotropic for Λ (and not only for dΛ), connecting ∂−W with ∂Gσ.
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The fact that any curve in a maximally non-integrable distribution Λ = 0} on an
even-dimensional manifold can be C0 approximated by an integral curve follows from
its well-known contact odd-dimensional counterpart. First, any generic curve Λ is
transverse to the corresponding Liouville vector field X. Hence, it can be thickened
to a germ of a codimension 1 hypersurface P transverse to X, which is then inherits a
contact form Λ|P . Hence, we can approximate ` by a curve inside P that is isotropic
for Λ|P .
By subtracting from Ŵ the Weinstein handle W1 with its core disc `, we get a Li-
ouville cobordism Ŵ ′ whose new negative boundary is the connected sum ∂−W#∂Gσ
along `. Under the natural diffeomorphism Ŵ ′ → Ŵ the contact structure ker(Λ|∂−W1#∂Gσ)
is mapped to a contact structure isotopic to ξ−, since both are overtwisted contact
structures in the same almost contact class, see [1] and the above Theorem 1.2. The
contact structure ξ+ := {Λ|∂+Ŵ = 0} is overtwisted by construction.
Proof of Theorem 1.1. First note that if n > 2 then for any contact structure ξ
on ∂+W there is a Liouville concordance between ξ on the positive end and an
overtwisted contact structure ξot on the negative one, see Corollary 2.6 above. Hence,
it is sufficient to prove Theorem 1.1 for the case when both contact structures ξ±
are overtwisted. We prove the theorem by induction over the dimension 2n. For
n = 1 the statement is trivially true. Suppose it is already proven in the (2n − 2)-
dimensional case.
It is sufficient to prove the result for an elementary cobordism W corresponding to a
Morse function with just one critical point of index k = 1, . . . , 2n− 1. If k ≤ n then
the result follows from Weinstein surgery theory, see [3, 5, 23] and Section 2 above.
Let (W,J) be an elementary almost complex cobordism attaching a handle of index
k > n. Let ξ± be overtwisted contact structures on ∂±W in the formal class deter-
mined by J . Let (∆, ∂∆) ⊂ (W,∂+W ) be the co-core disc of dimension l = 2n− k <
n. The normal bundle ν to ∆ in TW is trivial, so we can consider a splitting of
its tubular neighborhood U = ∆ × Dk−1 × D1. Denote Σ := ∆ × ∂Dk−1 × 0 ⊂ U .
Using Lemma 3.1 we deform J to make Σ J-holomorphic in a complement of a ball
B ⊂ Σ. Using [1], see Theorem 1.2.1 above, we can realize stable almost complex
structures J |∂B and J |∂Σ as overtwisted contact structures ζ∓, so that (∂B, ζ−) and
(∂Σ, ζ+) are, negative and positive (or J-concave and J-convex) boundaries of the
almost complex cobordism (Σ \ IntB, J). Then the inductional hypothesis yields
a Liouville structure λ on Σ \ IntB in the given almost complex class J with con-
tact ends ζ±. Moreover, the overtwistedness of ξ+ allows us to realize (∂Σ, ζ+) as a
3 Proof of Theorem 1.1 23
contact submanifold of (∂Σ, ξ+).
Finally, we observe that (W \ Σ, ∂−W ) has Morse type equal to 2n − k + 1 ≤ n.
Therefore, we can apply Proposition 3.3 to extend the Liouville form λ to the required
Liouville form Λ on W .
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